Maths for Physics  updated Edition Answers

Test Yourself 1.1
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V=kgm?s3 A
[Gl=kg'm3s™
100, . _ledle]_ CxC _ .,

(@) & =5 _"52"s0 el = Al = N
(b) UsingC=AsandN=kgms? [g,] = kg m3s*A?
(@) [h]=]s

(b) [h]=kgm?s™
[W]=Hm'=kgms2A?soH=kgm?s2A>
F=[C]=kg'm?s*A?

2.5MQ [=2.5x10°Q]

1 - 1 - 2q2 = 2
[soyo] “kg'mOstAZxkgmsZA? 0 T [T QED

(@ [oc]=Wm?K*
(b) [c]=MT3O*
Note: L cancels out so [6] does not depend on L
[W]=LO
Q=[R] =kgm?s3 A
(@) [c]=]kg'K™*
(b) [c]=m?s?K!
Ns=(kgms?) xs=kgms™

Starting from the rhs and working in dimensions:

-2
[pAV] = E x [AV] =Mt2T xL3=ML2T2=[W] QED
Working in units

[p?c?] = N?s? x m?s2 = N2 m?

[m?c*] = kg? m*s™ = (kgm s?)?m? = N m?

.. The right-hand side is homogeneous.

[£%] = J* = (N m)? = N*m?

So the two sides have the same units, i.e the equation is
homogeneous.

Working in dimensions:

Dimensions of the right side = [nAve] = L3 L2(LT ) (IT) =1
= dimensions of the left side QED

6.4 ums™

If E, ,...is expressed in ] then the units of both terms on the
right must be J, i.e. [¢] =].

IfE

k max

is expressed in eV then [¢] = eV.

Working in dimensions: [p] = Y

[%pcz] =ML3(LT?12=ML T2 The two sides have the

same dimensions, hence the equation is homogeneous.
h| _Js_Nms

A
equation is homogeneous.

E] =MLT?L2=ML"'T?

Working in units: =Ns=[p], so the

@ Working in dimensions: =ML1T? =ML3;
g p

\/E]=\/W=LT-1
p

[c] = LT, so the two sides have the same dimensions, i.e,
the equation is homogeneous.

@  Working in units: From Q2, [G] = kg™ m® s2.

. |_GM M, _kg'm’s?kgkg _ 202

: [ 2| - =kgm?s™ = [E]
The two sides have the same dimensions, i.e. the equation is
homogeneous.

® q =%; b= —%, ile.v= c\jg. Compare this with Q21.

1.3 . _ ri . . ,
D g-= ——5,c—i,l.e.T—k\m.Comparethlsw1thKeplers

® x=z=%;y= -1iec= k\jg. In fact it is usually written

c= \E where u is the mass per unit length of the wire. The

dimensionless constant k = 1.

Test Yourself 2.1

0O 23 ® -1 ® 156 O 52 0O 306
O 21000 @ 600 0O 4 O 520 O 264
® 75 ® 40 ® -3 (14 I ® 333
(1 'S ® o020 ® -05 O® 212 D =26
(21) @D 21726 ® 443 @ 125 B 8
Test Yourself 2.2
E %G
o ng o R:?
RA c
© o= 0 s+
a1 R _.3p
9 r= 4.7'[0‘T40rTZ 4n0etc. o Cc= D
(7] t=% O u=W-2as
2s I
o t_u+v o " nde
2E 472l
o x—\/% ® 4-47
@ V=V2gh m = Ft
v—Uu
1
@ v:S_Eat20r§_1at @ thkmax+¢
t 2
Fr? A7a3
@ M= G, ® M=r
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O x=\7-R @ p=q1-M0
m
- GG 1 _ER_ E_
21) C_Cl+C20ri+l @ r=> RorR(V 1]
¢ G
Mzd_ a_ _ M, 1M
® M= - M, rMZ(r1 1]@ Mz—(d 1]ord_rl
A d? Iy
M, === M,

Test Yourself 2.3

QO 3x+6 O 20x+24
O 20+10a+150 O xy-2x+3y-6
Q@ x+10x+25 O 4-4y+y2
® 25a%-60ab + 36b?

® ax-ab ® -
O z2+p O 2+p
DO tt+2t2+1 O v-1

D F+ath-ab*-b @ a-b

D 1 D x-¢
Test Yourself 2.4

O 54 0 125

O 144 O 10

QO 333 O 666

O 487 D 12

® 1.77x10° D 196x10°
D 1245 D 314

® 9.95x10% @ 259

@ 105 ® 20

@ 1.98x10°

Test Yourself 3.1

x=14

x=%0.2

t=0or7

t=00r30

t=00r10.2

v=177.5

v=13460

x=17

[-0.24=1%5.57, -.1=-5.13 or 5.61
v+50=%70.7, .. v=-120.7 or 20.7
v-5=425.2, .. v=-20.2 or 30.2

06000000 ODOCS

800060606000

0060660000

a-3

X2 -4y?

2p* +pq - 3¢
-9+ 6x-x°
X} - 4ax + 4a*
4zb
t-200+t-2

a+b

960

26.7

30

5.97 x 10%
2.19

1.89 x 1077
2.5

-24

x=1lor-2
x=-2.550r-0.79
t=0.76 or 13.24
t=0430r11.8
t=6.95 or 18.05

x =12 m. NB. units!
v=21000ms™

t = 2.04 s. NB. The 0 solution is incorrect as the question
asked for the time at which the stone returned to the
ground.

57 kms™.

t=1.36s [ignore the negative root].

0006606008006

3500 m, ignoring the 0 root.
Total distance from centre = 11 530 km; h = 5150 km.
20ms™.

2.70s.

©00e6es8

Test Yourself 3.2

O a=35u=10

O r=05E=20

(3) a=15u=4.0

O r=30,E=225

O a=-4v=24

0 v- 15; m=10

O k=251=02

O u=-+6a=2

© 4=075ms%u=25ms" [NB. units]

O a=045msZu=+678ms™

@ r=15QE=60V

® u=8ms’a=3ms2

® (a) 1,=0.0978A;1,=0.0434 A
(b) V,=1.90V; V., =141V
() V,,Q2=1.41V =the pd across the 1.5V cell as expected.

O E=12Vir=12Q

® Solution 1: v, = 5ms%; v, = 8m s Solution 2: v, = 7 ms™;
v,=4ms™

O v,-= —%m shv,= %m s™L. The other solution with v, =4 ms™
and v, = 0 represents a near miss!

® R=685Q;¢=-0.023V

® R=480Q;¢=0013A

® u=0053kg k=252Nm"

@ h=2531m;g=9.82ms>

D u=10ms’a=2.0ms>2

@  Solution 1: u = 15ms; a = 5 m s (constant acceleration).

Solution 2: u = 25ms™}; a = 0 (constant velocity).

Yy



Mathematics for Physics

VA L B B B B B B B & & & & &5 &5 & &

®

D

The valid solution is r = 2.0 Q, E = 24 V. The invalid solution

hasr=-14 Q!

(@) T2= 4712%. With the additional mass, T,? = 4x? M, ; M,
Subtracting gives T,*> - T,* = 4n2% as required.

(b) k=18.0Nm™; M, =0.200 kg.

AsinQ24, T, -T}?= 4712&, where Al is the change in
length = -0.500 m.

g =8.657 ms; original length = 2.500 m

Test Yourself 3.3

®0 00O

060000

A +x)7 = 3 %x% 2 %x%x(_%] 3
(1+x) —1+§x+2x1x + Tx 71
2x3x(-3)x(53) .,

4x3x2x1
=1+3x+3x-Lxd+2oxt+
1.837117

1; 0.75; 0.09375; -0.0078125; 0.0014648
1; 1.75; 1.84375; 1.83594; 1.83740 (a) 4.7%, (b) —0.4%
Calculator value = 1.15369

Terms: 1; 0.15; 0.00375; -0.0000625; 0.000000234
Totals: 1; 1.15; 1.15375; 1.15369; 1.15369

(@) 0.3%, (b) 4x103%

1.03

1.03

0.94

1.15

11

V4.5 =4 x (1 +0.125) = 2 x (1 + 0.125)%5

- \45=2x(1+0.5 x 0.125+0'5+'10'5)

1st order approximation = 2.125

x 0.125%+ ...)

2nd order approximation = 2.121...

{1100 =10 x¥1 + 0.1 = 10 x (1 + 0.033...) = 10.33... to 1st
order.

1
VI+x (1+27

4 -(0.5) x (-1.5) , -(0.5) x (-1.5) x (=2.5) ,
=1-0.5x+ w1 X2+ Ix2xl x3+

. -(0.5) x (-1.5) x (-2.5) x (-3.5) P
4x3x2x1
=1-0.5x+0.375x* - 0.3125x% + 0.27344x* + ...

Terms to 4th order: 1; 0.1; 0.015; 0.0025; 0.00044
Partial sums: 1; 1.1; 1.115; 1.1175; 1.11795
Calculator value =1.11803

To 1storder: (1 +x)"-(1-x)"=(1+nx..)-(1-nx)

=1+nx-1+nx=2nx

Updated Edition
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To 1storder:\/1+x—\/1—x:1+%x—(1—%x):x.
1
(L+x)

To 1st order: (1 +x)" - =(1+nx)-(1-nx)=2nx

To 1storder: (x + a)" = x"(l + g)n = x"(l + r;—a) =Xx"+nax""!
This will be a good approximation if na << 1
To 1st order: (x + a)" - x" = nax"~!
(a) AC=v1.000%+ 0.0207 = (1 + 0.00042)
=1+7x0.0004 - 1.0002 to 1st order.
(b) AC=1.00019998
(@) S,P=v12+0.00225% = (1 + 5.0625 x 10-6)°5
=1+253%x10°m
S,P =12+ 0.00175% = (1 + 3.0625 x 10-6)°5
=1+153%x10"°m
- S,P-S,P=1.00x10°m.
(b) 1.00x10°m

gz
S,P= D2+(x+d]2=0(1+(x+2)

to 1st order.

S,P = m= D(l N ( l‘)zg)z

to 1st order.

-SP—sp—(“g)z_(x‘g)z_’(z”d*%‘(Xz‘Xd’fdzz)_Xd
B Y)! 2D 2D D

This leads on to the Young Fringes formula.

To 2nd order:
V1+x+

To 2nd order:

(1+x)+(1 +x)‘"=1+nx+n(n2_ 1)x2+(1—nx+wx2)

=2+n%?
With n =4 and x = 0.1 this gives 2.16. The calculator value is
2.15

sinf = opposite X (

_ _1.
hypotenuse N el x|1-5x ] x to 3rd order.

adjacent 1
hypotenuse ~ 1 +x?

cosf = 1- %xz to 3rd order.

_ opposite

tan 6 = —;
adjacent

= x exactly!

Test Yourself 4.1

(@ 5 (b) 25 (c) 02ori
(d) 0.040r (e) 625

(a) 4 (b) 0.25/% () 8

(d) 128 (e) 0.125/3
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O @) at/d"® () a*/a*® (0 a/a"”
d) da¥/a® (&) aifat®
O @ 15 (b) 15 (© 016  (d) 25
0 p--2
0 p-3
0 p=3i=_r
() R=%’,i.e.k=li’gvandn=—4
O (a) 2000xL,=8x10¥W
(b) 0.0081 x L,=3x10**W
(10) R=51‘%,i.e.c=53ndn=—§ ®
@ (a) 06020 (b) -1.3980 (c) 0.9030
(d) 23010 (e) 0.3980
[Part (e) log 2.5 = log%= log10 -log4 =1.0000 - 0.6020]
® (a) 3170 (b) -1.585 (c) 2.585
(d) 0.585 (e) 1.262
[Part (e)log;4=2log,2 = é]
® (@ 20 (b) -1.0 (c) 05/3
(d) 15/3 (e) -125/-3 @
® (@ 05/5 (b) 25/3 () -3
(d) 025/1 (e) 2.16
[Part (¢) log, 20 = og, 2 +log, 10 = 0.5 + loglm =05+ l(}g y
® (a) 5log2 (b) -log2 (0 0 (d) -log2 5]
® (@ 2In2+1 (b) 3In2+1 (c) 5ln2-1
(d) 4In2-1 (e) iln2-2
D (a x=090 (b) x=-090 (c) x=4.61
(d) x=797 (e) x=403
® (a) Rememberthate’=h
xIna=Ina* .. e =" =g QED

(b) 27 = eTan = 83.142 x0.6931 — 882

® (a x=16 (b) x=48 () x=6.87x10®
(d) x=+3 (e) x=36
@ — 1 — 12 — — o
@ L= IOIOgW =10log 10 =10 x 12 =120dB SIL
(b) L,=10log(10*]) (1)
Consider an increase of 3 dB; let the sound intensity be kI
Then L, + 3 = 10log (10'2kI)
L, +3=10logk + 10log (10%2]) o

Subtract equation (1). .. 3 =10logk.

s logk=0.3, . k=2.00[3s.f]
(@) 1.980x10°s (b) 96Bq
(@) f;s=1.55Hz; f,,=1.06Hz

(b) Substituting the values of l and finto f= kI™:
1.55 =k x0.35" (1) and 1.06 = k x 0.45" (2)

(c) 11.7 x10¢s.

® 8

Updated Edition
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Dividing equation (1) by equation (2) = 1.462 = 0.778"
Taking natural logs: = In1.462 =nln 0.778
— n=-1.51[log,, can be used here instead]

1.55
0_3571.51
Alternative method: take logs of equations (1) and (2)
and solve the resulting simultaneous equations for k
and n.

=0.32

Substituting into equation (1) = k =

(c) Plota graph of In fagainstIn I [or log fagainst log I].
The graph should be a straight line with a negative
gradient. The value of n is the gradient. The intercept
on the log faxis is the value of log k, so k = 10ntercert,

(a) Graph of In € against x should be plotted [units of C
and x can remain in min~* and cm].

The gradient of the graph should be ~ -0.49 and the

intercept on the In C axis ~6.3.

1 = 0.49 giving a value of L = 2.04 cm

L
InC,=6.3 .. C, =540 min™*
(b) 25=540e 20, .-, X In (540) —-x=6.3cm.

[i.e. an additional shielding of 5.8 cm]

(a) A graph ofln/againstIn Vhas a gradient of ~0.547
and intercept of ~-0.729 on the In [ axis. These give n
=0.55[2s.f]and k=0.48 [2 s.f]

(b) c=k'1=2.08.m=1-n=045

(@) n= % =7.5... A=800x 275 =4.42kBq

= 1%2 = 0.0866 day™.

(b) 4
s A =800e00866x100 = 0138 kBq = 138 Bq.
(c) (i) Gradient=-1In2;intercept=1In4,
= 6.68 [with A in kBq]

(i) Gradient=-4=0.0866 day};
intercept =In 4, i.e. same as in (i).

Test Yourself 5.1

35°
35%40°

55°

,110°/70° 70°
T
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(5] @  First draw the triangle [not to scale]. B
60°, 30° 10cm 14em
607120° 609

gl o Applying the sine rule: 14 __10 A : = C
O (a3 173mm (b) 100mm sinf  sin45°
QO (@ 477m (b) 62.2m s O =sin! (14%31450] =81.87° or 98.13°
O (@@ 358cm () 467cm -~ B'=180° - (6 + 45°) = 53.13° or 36.87°
O (1) 180mm () S63° AC?=10%+142-2x10 x 14 cos B .. AC = 11.3 cm or 8.5 cm
D @ 482° (b) 224m Alternatively: apply the cosine rule directly: Put AC = x
O x=150m;y=260m 107 = 14% + X2 - 2 x 14x cos 45°
® (@ height=140m (b) distance =300m Solve this quadratic equation for x.
® 1015m 26} 0=sin‘10.5=%n or %n or
D (@) 348° (b) 49.3° () 61.0° 6 = sin"! (-0.25) = -0.253 or -2.889
® (a 352°

2
@ (a) O=sin'|+-=|=1.107 or -2.034.
Note: -1.107 an£2.034 are not solutions. The process of
squaring introduces spurious solutions

(b) n,=1.52isirrelevant. ¢ would be the same even if this
layer were not there.

® (@ n=160 (b) 40.6°
(b) 6=0.262rad or 0.262 - rad = -2.880 rad.
@ n-158 6=+0.524rad
C =+0. ra
O n=-139 (d) 6 =0 or +2.094 rad
=0or+2. ra
® n=140 ()
o (e) #==%1.57rador 0.252rad
@ 1 =1.41[0 must be 45° and angle of incidence must be 90°]
_ @ \2sina+\2cosa
@ (a) cosa=V1-sin?a=V1-0.82=+0.6
sina 0.8 @ (a) 25sin(x-1.287rad)
(b) tanca = =——=1%1.33
cosa *0.6 (b) 25cos (a - 2.858rad)

R)

cos 2f3 = cos(f +8) = cosfcosf - sinfsinf = cos?f - sin?f @ $=-0643rad.
Butsin?f3 =1 - cos?f

cos 23 =cos?f3 - (1 -cos?ff)=2cos’f-1 QED Test Yourself 6.1
® (a) cosy=V1-sin’y=+1-x
(b) cos(180° +yx) = cos 180° cosy - sin 180° siny

Questions 0-0

=-1xcosy-0xsiny 1qy o (6]
. €os(180° +x) = —cosy = +\1 - X A N A
~ \ o
o .y Sin(360°-y) En= S
(c) tan(360°-y) = 05 (360°— 1) =) RS o
_sin360° cosy-cos 360° siny \ u
"~ €05 360° cos x+sin 360° sin \ PansS=g
€0s 360° = cos 0° = 1 and sin 360° = sin 0° = 1 4 \ =0
. o _nl o -siny . X
- tan(360° - x) cosy NI-x \ mus{; )
_ X \ = .
=t e -8 4 BEoTe 8 12
D Applying the cosine rule: 25cm = o \ (4]
0 L \
1oem 35cm y L A ~4 \ 0
¢ [ ¥
X
152=25%+35%-2x 25 x 35 cos 6 \
. — o —Q \
.. 0=218 © 0 o

- ¢ = 21.8° [alternate angles]
».y=35s5in21.8°=13.0cm
and x=35c¢0s21.8°=32.5cm.

D y=-15x-6
@ y=-04x+30
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V=-0.21+6.0

V=414 x10"5f-0.70
v=0.8t+16

F=251-5.0

V=-1.331+3.07

v=-0.2t+26

F=0.5]-3

V=5x10"5f-1.5
V=9.6-4.0LE=9.6V;r=4.0Q
k=1.06Ncm7, [, =4.42cm
a=8ms?%u=11600ms™ [or 0.008kms2and 11.6 kms™]

[Gradient = 4.2 x 107%° [V s], intercept = -0.60 [V]], leading
toh=6.7x103*]sand ¢ =9.6 x 1072°] [= 0.6 V]

Test Yourself 6.2

The solutions given are the least squares fit solutions. For graphs
drawn freehand, slightly different, but equally acceptable,
answers will be obtained.

© © 6 o ©

Gradient -1.0 [Q]; intercept 6.12 [V]. So emf = 6.12 V;
internal resistance = 1.0 Q

Gradient 0.21 [ m s72], intercept 3.63 [m s7!]. So initial
velocity = 3.63 ms™%; acceleration = 0.21 ms™2

Gradient 0.228 [N cm™]; intercept —1.13 [N]. So spring
constant = 0.228 N cm™, unloaded length = 4.9 cm.

Gradient 0.0036 [atm °C™!], intercept 0.945 [atm];
So p, = 0.945 atm and absolute zero (from data) = -263 °C.

Gradient —0.0469 [V mA™]; intercept 10.5 [V]; Emf=10.5V;
internal resistance = 47 Q.

The graph of \s against ¢ is a straight line with a gradient
1.14 and an intercept of 0.073 on the Vs axis [LSF]. This is
close enough to a zero intercept to verify the relationship.
The acceleration is 2x gradient? = 2.6 ms™2.

Graph v? against s. It is straight with gradient 0.562 and
intercept 404. The acceleration a = % x gradient = 0.28 ms™
The interceptis u? sou=20ms™.

Plot fagainst 1/] on a restricted axis [e.g. 240 — 520 Hz and
2.4 - 5.0 m™]. Other possibilities are 1/fagainst [ or the axis
may be the other way around. Using fv 1/I the intercept on
the faxis is 1.2 Hz [LSF] which is close to zero and hence
consistent with the relationship. The gradient is

c/2=104 [ms™'],soc=208ms™.

As in 6.5.2 the graph should be / against 1/f. The gradient is
c/4 and the intercept —¢. The graph is straight with gradient
8580 [cm s7!] and intercept -1.3 [cm] giving the speed of
sound as 34320 cms™ [342 ms™'] and end correction 1.3 cm.

A graph of T? against / should be straight with a gradient

of 4n?/g and intercept 4% /g. The graph has a gradient of
4.11 [s*m™'] and intercept 0.082 [s?]. This gives g = 9.6 m s™2
and e =2 cm.

Updated Edition
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A graph of d against 1/\R should be straight with gradient
\k and intercept —¢. The graph has a gradient of 236 and
an intercept on the d axis of —1.8. This gives a value for k as
56 000 cpm cm?, and ¢ as 1.8 cm.

A graph of T? against I? should be straight with gradient
2m and intercepté on the T? axis. The graph is straight

k
with gradient 5600 [s?m™] and intercept 28.5 [s?]. With

m = 0.1 kg this gives a value of k of 3.6 x 10° kg m?s™ [or,
Nmrad?] and/=1.0 x 10 kg m?.

A graph of T?y against y* should be a straight line with
2 21,2

gradient T and intercept on the T2y axis. The graph

is a straight line of gradient 4.00 [s? m™!] and intercept 0.76
[s?m] on the T?y axis. This gives g = 9.87 kgm™ [or N kg™]
and k= 0.43 m.

A graph of %against% should be straight with gradient%

and intercept% on the Tllaxis. The graph is straight with

a gradient of 0.219 [Q2 V'] and intercept 0.103 [V~1]. This
gives a values of Eas 9.7 Vand ras 2.1 Q.

A graph of % against% [or vice versa] should be a straight

. . . . . o1
line of gradient -1 with an intercept on either axis of —. The

f

graph has a gradient of —1.00 as predicted and an intercept

of 0.0679 on the % axis, giving a value for fof 14.7 cm.

The graph of sin 0, against sin 6, is straight with a gradient
of 0.803 and an intercept of 0.0014 on the sin 6, axis, which
is consistent with passing through the origin. Hence sin 6,
o< sin @, . The speed of light in glass is 0.803 x the speed in
water.

1.33
speed of light in glass as 1.81 x 108 ms™.

Speed of light in water = x 108 m s%. This gives the

Data Exercise 6.1

E, minimum = -0.245, at a separation of 1.12-1.13

potential

0.4

0.3

0.2

0.1

0

-0.1

-0.2

-0.3

A

separation
é

0 0.5 1.

o * %o
23

E, minimum = -0.245, at a separation of 1.12-1.13

y
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Data Exercise 6.2

The LSF graph has a gradient of 1.31 [m s7?] and intercept
of 0.006 [m] on the s axis. This is consistent with a constant
acceleration of 2.6 m s and initial value of s = 0.

Test Yourself 6.3

o 4
| 5 S (@)
a)/
ARG AN ‘(C) \‘
\ e)
-5 0 3 x;
d :

- (0]
|
| 6

O fisonly defined between x= 0 and x = 7.

3] Vs y=x2+(x+2)°
\ T \(\ |2)2
y=(x+
\ / )
[~ >
-2 0 2 X

O (a) The function is symmetrical about x = 0 and is >0 for
all values of x. As x — 00, g — +00. The magnitude of
the gradient increases as |x| increases.

(b) Minimum at (0, 0.2)
©® (a) (i) Minimum at (0, -5)

1
(ii) Points of inflexion at |+ E' —E) ; X-axis is an
asymptote
(iii)

Va

Vo

(b)
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6] F
X;
w
o Aky
s
asymptote: :
: Pol R
-1 2 5 X
' iasymptote
L
3x _ 2 + 1
xX2-x-2 x-2 x+1
3
Point of inflexion at x = 2 ;E = 1
1+32 3
Aky
Pol |
-1 |\ 2 X

© The graph has two vertical asymptotes, at x = -d and +d.
For x < -d the potential function is as the graphs in Qs 7 and
8 (to the eye). For —d < x < d the potential function is the
negative of those between the asymptotes in Qs 7 and 8. It
passes through (0, 0) which is also the point of inflexion.
For x > +d the potential function is as in Q7 and Q8 to the
right of the + asymptote.

@® (a) aandb are both zero and c = k.
The solution with N(0) = 0 is N = kt?e™**
2
(b) Peak when t=-+
A 2+\2

Points of inflexion when t =

A
Note that the gradient is zero when t = 0.
N
‘ >
D (@ At= 2

Yy
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[15]

(b) Amplitude = Ae™ = Ae™> ~ 0.0067 A

() v=Ae™[wcoswt-Asinwt]
(d) v=Aw?+A%e? cos (wt +tan™ %]

(e) Fractional energy loss per cycle = (1 - e‘%)

IV NS
VAT 1T
I ANAN Y LANE
ol LYY RN VAT N
AN NA V=
LN DT SR DAL L
N L
IRA
The turning points are 0.079 s earlier than those of the pure

cos 0.2zt function.

(@) Minimum at (0,0); maximum at (—2, %]

_ o -3++5
(b) Two other points of inflexion: at x = >
3N2-6
At the turning point, v = BEYEE

Test Yourself 7.1

(-~

o

(a) 18.0km N56°W
(c) 55.9N,N63.4°W
(e) 91.8N,N15.6°E
(f) 17.3ms? N60°E.
(g) 100N, N30°E.

(h) 72.1N, E33.7°S.
20.6 ms™at 14.0° to the horizontal.

(b) 70.7NdueE
(d) 44.7N,S26.6°E

(a) Both components 7.07 N

(b) Down component =453 N; up component =211 N.
(c) N component = 2.74 km; W component = -7.52 km
() F=20N;G=173N ) F=117N;G=110N
F=70N;60=21.8°

108 N; 21.8° below the 50 N force.

(&) F=-2i-13j

(b) F=13.2N at8.75° to the left of the minus j direction
(a) a=-28i-4j

(b) a=283ms?%W8.1°S

(@) s=20i+72j

(b) v=10i+ 32j

(c) v=33.5ms!at72.6° from the i vector.

(@) Over0.2s,a=120m s over 0.02s,a=124.9ms>,

both towards centre at midpoint of the time.

2
(b) a= V7 gives a = 125 m s™2 towards centre. The mean

values approach 125 as At—0.

000600680

<)

® 8
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T=180N.

(a)

F=mgsin@ ; C=mgcosf

58.5m
(b) 6, =tan"10.2=11.3°

85.4N (b)

a=151ms>

(a)
(a)
()
(e)
(a)
()
(d)
(e)
(a)
(b)
()
(d)
(a)

(b)

(a)
(b)
()
(a)
(b)
()
(a)
(b)
(a)
(b)
()

0 =66.9° (b) F=230N
40i + 10j (b) 70i - 44
Both 20.6knot  (d) 14i- 8.8j

16.5knot, E32°S

13000 ms! (b) 5000i + 8400j + 7200k
12140ms™

[In km] 180 000i + 367 200j + 129 600k
429000 km

a=-3.7j[ms?]; v=30i+3j[ms]; s =300i+ 215j [m]
30.1 ms™at5.7°[0.1rad] above the horizontal

50m s at 53.1° below the horizontal

3j

Position = 70.6i + 70.4j, i.e. height 70.4 m and
horizontal distance 70.6 m

[Position from base of cliff]

Velocity, v = 34.64i i.e. 34.64 m s horizontal

Position = 202 m from base of cliff; s = 202i

Velocity, v = 34.64i - 37.2j; i.e. 50.8 m s~ at 47.1°
below the horizontal.

p=47j

Veom = 5.875j

KE = 209]

p = 24i-9j

Veou = 31 - 1.125j

109.5]

p, =p, + Ft = 231 + 25j

Easiest method uses E, = % - AE, =280]
u=3i+3j;a=i+j

s = 651 + 75j

F.s = (2i + 2j).(65i + 75j) =130 + 150 =280]
Comment: F.s is the work done by the force which is

the change in kinetic energy, i.e. the answer agrees
with Q22 (b)

FAs=600] .. Final KE=1000]

(a)
(b)
()
(d)

1, =30k; 1, =-16k

-14k

F,=-4i-4j

(xi +yj) x F; = (xi +yj) x (-4i - 4j) = (-4x + 4p)k
This cross product must be -14k
so—4x+4y=-14,ie.x-y=3.5

y
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Test Yourself 8.1 @ (a) Maxvelocity=Aw=2.0x10=20ms".
©® (@@ 0909 (b) -23.4 (©) 15.0 This occurs at ¢t = 0.
@ (a) -5.488rad; -0.795 rad; 0.795 rad; 5.488 rad - KE (0) =3 x 2 x 20* = 400]. This is the maximum K.E.
(b) -2.214rad; -0.927 rad; 4.069 rad; 5.356 rad ®) £y,
(¢) -3.094rad; 1.094 rad 400 ; ;
©® 6.79x10rad \/\/\/\/
O (a) 1pc=3.08x105km >
(b) 1pc=325ly Ev/T4 ‘ ‘
O 0015% 100
@ (a) x=10cos2xt R
(b) x=-10cos 2zt orx =10 cos(27t + ) /1L t
(c) x=10sin2xtorx=10 cos(Znt—%) 400
(d) x=10sin(2xt - 1.87) or x = 10 cos(2xt — 0.37)
NB There are other ways of expressing these functions ' .,
Q@ (3 v, =20m=628cms";a,, =407%=396cms> T 2Tt
(b) foreé6(a):v,,,at-0.25sand 0.75s; a,,,,at-0.5sand 0.5 s ® (a) -0.1925;-0.0585;0.0085s; 0.142s.
for 6(b): v, at0.25sand -0.75s; a,,,,at-1s,0and 1s (b) -0.1965;-0.154; 0.004s; 0.046 s
for 6(c): v, at-1s,0and 1s;a,, at-0.25sand 0.75s ® (a) 7=0.12cos200mt
for 6(d): v,,,, at-0.1sand 0.9 s; a,,,, at -0.35s and (b) (i) V=3.71V, (ii) I = 0.037 A, (iii) P= 0.138 W
0.65s (o) (1) V., =849V, (i), =0.0849 A, (iii) (P) = 0.720 W.
(8] w=\/%=@=7.07s‘1;f=%=1.125 Hz;T=%=0.889s; O (i)XC=£=159Q, (i) 10=%=0.075A
A=12cm (b) 1=0.075 cos(ZOOﬂt + %)
9] x/cm (c) 1=-0.071A
4

,,,,,,,,,,,,,,,,,,,,,,, ® (a) 1=0.191cos(200m¢-7)

12 ‘ ;
\ /\ /\ ‘ (b) 1=0.182A
\-/0_8'9§ \/ ot ® (@ () z=Vi007+159°=188Q,
! ! (i) 1,=0.064 A,
(iii) Vy=6.4V; V=102V

/\i /\ : (b) V=v10.22+6.42=12V
\/ \ t/s w =2007s™

-1
v/ems™|

afems™| ! ‘
600 /\/\ Vi=6.4V
VARV ARV o
V. 1=0.064 A
Vol !
©® x=12c0s7.07t;v=-85sin7.07t; a = -600 cos 7.07t Ve=10.2V
[in cm; again there are several ways of writing these, 10.2
e.g.v=2_85 cos(7.071t + %)] (c) #=tan? (ﬂ) =1.01rad
@® x=282cm;v=825cmsa=-141cms™ @ (a) Xisaresistor because Vis in phase with [; Yis a
® 0556 s,0.778s, 1.444 s and 1.667 s capacitor because I leads V by 90°.
® KE=lmv2=1x05x(0.8495in7.0715)?=0.176] (b) R=Ye-_12 = 6kO; 1V
mg I 2x10 wC 1
PE. = kx*: Extension = == - 0.0187 = 0.178 m I 2x10°3
k . C=— =00 g = 0-67 WF/670 nF
- PE=0.396] wVe x

(c) Applied voltage =V12?+ 62 =13.4V;
angle = 0.464 rad (= 26.6°)
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D (a Vy is unchanged at 12 V because resistance is constant.
V, is halved to 3 V because capacitor reactance is
inversely proportional to frequency.

V\ X,-X.=873Q

X, =1510Q

V=12V
E I=2mA
Vy=3V Yoo
V_ 40
(b) V=12.4V;¢ = 0.245rad (14.0°) wI=7=gg7=0.040A
1
X == = 1 1
@ Method: X 250 x 0.67 x 1076 6000 €2 ® (@ w=—= - 408s™. .. f= ZwTI =65.0Hz
Z=\RP+ X* =\6? + 6 = 8.49kQ VIC 24x25x10
(b) The reactances of the inductor and capacitor are equal
- I=1.58mA and opposite, so Z=R.
S Ve=948V; V. =9.48V; V=134V V_ 50
—E—m—0.106A.
(c) Vyx=50V;V, =IwL=0.106 x 408 x 2.4 =104V,
VR =9.48V
- >~ V.=V, =104V
1.58 mA [Alternatively calculate V, using V. = R]
Ve=9.48V 134V R
c il : (d) Only the resistor dissipates power,
"""""" so(Py=1_,*R=0.106*x470=53W
@® (a) Method: V,=IR=0.1x470=47V;
yo=t 0.1 - 80V Test Yourself 9.1
© wC 500x25x%x10°°
VL=ICUL=0.1 x500x2.4=120V. 0 E = 3kVm™ downwards [OFSkN C_l]
- ©® E=980Vm’upwards
V=120V p
© 9.0x10%kg
O 40000 km from the Moon on the line joining the centres of
the Earth and Moon.
© v, =-113x10%]kg"
@ Acceleration due to Sun = 2.4 x acceleration due to Earth
VR=47V
: [NB This means that the Moon'’s path is always concave to
v VC =80V the Sun]
(b) V=E775 (120 =80) = 617V © 1.0x10°ms"at10.0° to original direction [0.174 rad]
= + - = .
(© (Py=PR] t]=0.12x 470 = 4.7 W 0 4sMvm
c = rms current] = 0.12 x =4.
O 450kv
[or VoI =47 x 0.1 = 4.7 W] ® 2208
@ Method: X, =L =27 x 100 x 2.4 = 1510 Q P 19
1 1 @ Ifthe sphere carries a charge, Q, the potential, V= A q
X =—= = 637 Q 0
C"wC 2mwx100x2.5x10°° %: C = 4meya
—/R? _ 2 - 2 2 =
Z=NR + (X, - X)* = V4707 + 8737 = 9910 @ Field is radial, so at right angles to the curved surface of an

imaginary concentric cylinder.

.. Flux emerging from cylinder = E2nrl = SQ
0
3x10°%
= -6 : Y
Q=3x10"°L .. E2mw x 0.11 8854 x 102’
leading to E = 540 kVm™.

® 24uCm>
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@ Method: Use vector equilibrium to find the horizontal force Data Exercise 10.1
on each sphere [0.253 mN]

00 x,=2.0;,y,=14.0
Then use F = ——Q=16.8nC
dme, 1 Ay
® (a) Eduetoeach=60500Vm"inopposite directions. X V2 Ax &y AX
(b) Resultant field = 0 3.0 29.00 1.0 15 15
® v=3024+3024=6050V 2.5 20.75 0.5 6.75 13.5
@ wo_L @@ _g 100, 168x107) 21 | 1523 0.1 1.23 12.3
4me, d* 0.1
2. 14. . . 12.1
= 2.54%10°] ~ 2511 05 6075 0.05 0.6075 5
) ) 2.01 14.1203 0.01 0.1203 12.03
® Electrical potential energy 10 cm apart = 2.54 x 1075 ]
) 2.005 | 14.06008 | 0.005 0.060075 | 12.015
.. Electrical PE 5 cm apart =5.08 x 10-°]
2.001 | 14.012 0.001 0.012003 | 12.003

.. Loss in electrical PE = 2.54 x 1075]
Ay

Gain in height between the two positions = 0.48 cm [needs AsAx— 0, Ay APpears to tend to 12. This is confirmed by
calculating] the fact that if Ax = -0.001, % = 11.997.
.. Gain in gravitational potential energy = mgAh =9.4 x 10°°]
- LossinPE=2.54x10"-9.4x10°]=1.60x107] Data Exercise 10.3
Using KE = %mv2 we getv=04ms™. )
® (a 121000Vm™ (b) 0 No.'of Lower Upper
@ (a) 5.95x10*kg (b) 9.78Nkg [Both correctto 2 s.f]] strips | area (4,) | area (4,)
@ Total mass within outer core boundary = 1.98 x 10 kg 10 684 9.24
L 20 7.41 8.61
This gives g = 10.8 N kg™
. . 3500 i 100 7.88 8.12
The uniform density value would be x9.8=54Nkg’,
6370 200 7.94 8.06
i.e. true value ~ 2x uniform density value. 1000 - 988 8012
@ (a) acceleration =8.8 x 102m s ' :
(b) radius of circle = 1.14 mm
(© 14 MHz Test Yourself 10.1
@ The force due to the magnetic field provides the centripetal (1) % =75x2 = 168.75 (2] % =15cost=-15
force.
mv =V oBd © N_400e=989 0 ¥.50_4,
L —qu...a)—r—v. dt dx ¢t
L f= Ba_ which is independent of the speed (5] d—y= 8+ 6t=23 (6] g= -3sint+8cost=-3.00
O 2am’ : dx T .
; =1 27 - ] 1.5
For a proton with m = 1.67 x 107%" kg, f= 460 Hz (7 d—y=6x2+3ex=26.9 0o %=E—T=1.75
@ Peak current = I, x V2 = 28.3A. dx de ¢ At
F, ..=Blfcosf=5x10"x 28.3cos60°=0.7mN; f=50Hz (9] %: 10x%(x2 - 3) (10] %=3x2+6x—5
5 ®=1007 X
- F/mN =0.7 cos (1007t + ¢) (11} %:X(Z +Xx)e* (12} %: 6tsint + 3t?cost
@ Algebraically, induced emf &, = AU\L{@ = Btv o dy_ -2 o dy_x*-4x-7
Bfv B2p2y dx  (x-1)? dx (x-2)?
..I=T.Sothemotorf0rce,BH’= R ® %_2t3(4cost+tsint) o dl_1—21nx
BXf2v? de ™ cos’t dx - x3
.. The work done per second, P = R o q
O ) L=3g=30+2)5Y =2
2 2 P24,2 ’
The electrical power P=I’R = (B%’v] R= B ;’;v , which is the dg dx
same. () b 3(x* +2)22x = 6x° + 24x% + 24x

dx
Numerically in Example G, both powers are 0.05 W.
Check: f= (x*+2)3=x°+6x*+ 12x* + 8

g= 6x° + 24x% + 24x  QED.
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® %=75cos3t ® v=-31400sin(314¢-2) 0 [-250 =158
@ W _joxi0meor @ o 1w O [10inx] =161
de de 1
dv__ Er - otV _E o zsinmf+2x]2=4
(22] dR_(R+r)2'WhenR_O'gradlent_dR_r = .
d7Q — _& ~t/RC (10) [—X'3]w =1
® @ §= et '
= W=5493] =792.4] W= 4445 ]
do @ [k=5000 5493 @ [k=792 5
(b) g5 = ~0.0092
17 — - — -
@ (-)92mA ® [k=2.048x10"Nm?. W I >dr [ ] (n rz]
@ E,=BANw coswt = 62.8 cos 100zt =1.5 x 10'?]
.. Peak voltage = 62.8V oy o L
m m
Period: 1007T =2 .. T=0.02s=20ms 14 W=I 2 x= [— . ] =GM [;—;)
"1 r 1 2
emf/V GMm
® w=-
62.8 a
/\ /\ tlme/ms ® v- _GM
=
ARvAvA “
.
ql- 4mex dme, | x].. 4me,a
B (a) v=Ao cos[wt+ ] [ 60 cos(6t+ ]] “od g 1 d
(b) a=-Aw? sin(wt + 7) [— -360 sm(6t + ﬂ)] ® Potential energy at aJ ¢ sdx=|- ¢ 2] --_¢ p
- 4) = 4 « 27TE X dmex®].  4mega
(c) Seegraphs
s KEata= Qd Sv= _Qd
(d) 036N 4me a® 2me,ma*
x/m ® @ N, =J Aert=0 ) N, =175x10%
01 S ST
/\ /\1 > D (a ((ji—? =-le", - Q= _[(—Ioe’f/RC]dt =[,RCe™/* + ¢
| i t/s
\/ \/ / Putting Q = 0 when t =eo = ¢ =0, i.e. Q = [,RCe™"/R¢
| (b) Q,=I,RC (©) 0(200) = 68mC.
60N / @ (a) Substituting (0, h) into F=a - bt* > h = a.
v/cms™ | |
: > Substituting (4, 0) into F = a - bt?
\/ \/ t/s — 0 =a- bi*=h - bA? (from above)
] 3 h 2
3 ! b_ﬁ . F= h—ﬁtz_h[l—ﬁ] QED
360-1----- /\ i
-2 | :
afems J \/ s (b) ap="5" (c) h=5740N
! | t/s
| D (@ x= J.25e‘°-°2fdt =-1250e7%% + ¢; Applying initial
“T/8=-013s | . conditions gives x = 1250(1 — e"00%),
7/3=105s (b) D=xatt=o0; . D=1250m
() v=25- %
Test Yourself 10.2 ® AM:%M
25 6
0 f=7x ® f(9=-+8 :
6 x* (b) AE,;%M?) X2Ax
© f(O=20+t+4 O () =-500e00 )
() E.= J : M;“ 2dx = L MPw?
© f(t)=-2cos2.5t+8sin1.25¢t 0

O [2¢] =128-16=112 (d) 1=3MP
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@ Dividing by the ;& term from the start:

1/2

I=J szdx— 1 5 MI?
el

@ (a) Areaofring = 2nrAr.

2nrArM _ ZrArM

.. Mass of ring, AM =

ma? a?
Mr3w?A Mao? a
(b) AEk=%,soEk= ac;) Jr3dr=1Ma2w2
0
(9) I=%Ma2

Test Yourself 11.1

O v=10e* @ N=1x106000

© /uA=6e0x O «x=5sin8t

© x=0.1cos5¢t 0O h=50e00

@ V=900

O y=0.224cos(10t-1.11) ory = 0.224 sin(10t + 0.46)

© Q/uC=02sin500t ® Q/mC=47cos100t

T=0.0628s

v=50-30e%
N= % (1-e™)

V=167 + 24

[=0.5sin13¢t+ 1.2sin 12¢

x=0.2(1 - cos 10¢)

v=125(1-¢e"%) +5¢

v=0.206e"% + 0.443 sin(27t - 0.482)
N=2x107(e0?% - e01)

Ny =1 x 10'5(e™005 - 70125 with t in days.
.~ Ny (20 days) = 2.9 x 10

006 06 60 0 O

@ x/m=0.1cos2.5¢t
@ x=20e%cos9.80t
@ (a) %+4% 9x=0 (b) x=-0.15e2cos\5¢
@® (a) k=0.1;p=m,ie 3.1420; w = 3.1420
d?x dx
@+0 1d—+9872x 0

(b) x=0.615e""%tsinzt

(c) 0.00026s
[without damping the period would be 1.99974 s]

dl dl R _V,
D (a) Ld—+IR Vcosa)tord—t+lz Tcosa)t

(b) Phase difference, ¢ = tan™! (w—L)

R
() V,=INw?l?+R?

dI Q
D (a) IfLg, + IR+ 7= Vycosyt,

Updated Edition
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. - a2 dl I
differentiating — LP + Ra o Vo sinyt

Look for a CF of the form I = [ cos(yt + ¢)

Substituting into the differential equation gives:
=V sinyt = =1 Ly? cos(ypt + €) - [,Ry sin(yt + ¢€)

+ I—C‘Icos(u)t +¢)

[1/1716' - wL] cos(yt + &) — [,Rsin(yt + €)

To find the values of I, and ¢, consider substitute the
following values of t:

s =Vysinyt=1,

t=0: 0= [1/)16 wL] cos¢ — Rsine [dividing by I;]
1
7_1/)14
tans=wc
R

1

s sine = —_— and cose =

1
R fev

R
1 2
e (-]

sine - [,Rcos¢

7 1
yt=5 -V,= _Io[ﬁ-_ YL

s yC
V=1 ch 1/)] - +R

e ]
R2+( 1{ —sz]z yC

wC

1 2
R + (7_ '/)L) 2
R B VO =Iow/R2+(i-sz] QED
R*+ [i —1/1L]2 e

\* " e

o v

. I, is maximum when yL - w—c =0
T P L
VT Ic Y=l IR e

Test Yourself 12.1

O (2 3i;-3i (b) -4+5i
(© () 1 (@) i (i) -1 (iv) -i
(d () 1 (i) -1 (i) -1 (iv) i
(e () 0 (i) 1 (i) -1

O (a) Re(z)=4 (b) Im(z)=3
(d) Im(iz) =4

©® (a) x=3+2iand3-2i
(b) -3+ 2iand -3 - 2i respectively
(c) x¥*+6x+13=0

O i

(c) Re(iz)=-3
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(5]

(6]
o
0

®©@6e e

(@) 13i (b) i € -1+%i
(d) (a?- b?) + 2abi
(a) 5 ) £-3i (© AVETE=!
I
(@ i ) Y(B+1)+1(B-1)i
(@ (i) VB+i (i) 2+2V3i (i) -2 + 2\3i
(iv) -4 - 4\3i
(b) () 2eF (i) \2e" (iii) V2 ¥
(iv) V2e'%
(v) 2e'% (vi) 2
(a) 8ez=8j (b) %e,i%
(€) V2e'F x 2¢7% = 2\2¢' 2 (d) \g:‘:zxzeigzi

sin(A+ B) +sin(4-B)

cos 50 =16 cos®0 - 20 cos®* 6 + 5 cos O
(a) V-8 = -2i, Zei%, 2e713

Test Yourself 12.2

T

(@) z, =Ae (oe+3) = peot o7 = gjeiot;
z,= 3Aei@t+7) = 3 et pin = —3 it
(b) (z,+2,) =Ae” (-3 +1) = Ae“\10e?

3
where ¢ = cos™ [— ﬁ) =0.8987 [=2.820rad]

() (x,+x,)= V104 cos {wt + 0.8987}

(@) Using Newton’s 2nd law in basic SI units the
differential equation is:

d*x dx
150@ = —36a -96x
. dx dx
which reduces to P + ka +w, =0,

- %_ - -1 _ﬁ— -1
where w, =1 1.5—\/@—8.05 and k= 15 =24s
(b) A2+241+64=0
_"24+\24% -4 x64
2
~Re(A)=-12; Im(A)=+7.91
() w,=791, ..T= i—n= 0.79s (2s.f)

1

A =-1.2+791i

(d) Ife'?=0.05; ¢= 1“_225 =255 (2s.f)=3.1T.

So 3 complete cycles.

(b) 2, 1+3i, 1-13i

Updated Edition
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(b)

()

(b)
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(d)
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Answers

. . i
(l) ZS=R_1XC=R_R~
_RiX) R
"R-iX, 1+ (wCR)?

(i) Z,=R-iR=R\2e?

(i) Z

[1-iwCR]

, R . R _a

(ii) szi[l—l]:ﬁe“

I, Z

S-P- %; Phases the same [leading the pd by %]
P S

(i) Z=4R*+ (a)L —wic]z

The minimum value of Z is when [wL - ﬁ) =0,
1 1

=w70C, Sey =E
At this frequency Z=VR2+ 0 =VR2 = R

ROWE

peak pd across L _ o L _ w,L

peakpdacrossR~ IR ~ R

2 2
If2R =R + ol - L , then 2R2=R2+(wL—i]
wC wC

. 1 2_ 2 1 —_
..(wL wC] =R* sowlL wC—J_rR QED

1 1
wlL—H——Randsz—@—+R
0+, _
w,0,C "

1
L - =
0,0, C] 0

(i) .. adding: (w, +w,)L - 0,

e (w, +w,)

2

L=

c- 0 leading to w,w, = ,

E:
W, ~ W,
0,0,C

W0,

=2R.

(ii) and subtracting (w, - @)L +

1
butw,w, = c
w,-o,_ R _1
w, ol Q
From (e)(ii) Q is inversely proportional to the
fractional difference of the half power points related to

so 2L(w,-w,)=2R

So

the resonant frequency. So the sharper the resonance
peak, the greater the value of Q.

y



